A Lifting Theorem for Locally Convex Subspaces of Lq 

R. G. Faber 

Abstract. We prove that for every closed locally convex subspace E of Lq and for any 
continuous linear operator T from Lq to Lq/E there is a continuous linear operator S from 
Lq to Lq such that T = QS where Q is the quotient map from Lq to Lq/E. 



§0. Introduction. 

Let i? be a subspace of Lq = Lq[Q, 1], the space of aU measurable functions from [0, 1] 
to M. Let T be an operator from Lq to Lq/E. What conditions on E ensure that we can 
find an operator S that makes the following diagram commute? 

£o 

J"-""" |« 

Lq > Lq/ E 



A. Pelczyiiski was the first to ask if locally convex subspaces E have this property. If E is 
locally bounded then we can find such an operator (Kalton - Peck [2]). Peck - Starbird [6] 
showed that this is also true when E is isomorphic to the space of all real sequences. 
The goal of this paper is to show that if E is locally convex then we can complete the 
previous diagram. 

We will state some notation. We will let /i represent the standard Lebesgue measure. 
We also define the map / ^ \\f\\o {Lq M) as 

This map is an F-norm on Lq, that is, 

(i) ll/llo>0 /^O, 

(ii) ||«/||o< ll/llo |a| < 1 and / G Lo, 

(iii) lim^^o ||a/||o = f ^ Lq, 

(iv) 11/ + ^7||o< ll/llo + lbllo f^geLo. 

The map also induces a metric on Lq. The topology induced by the Lq metric is just the 
topology of convergence in measure. For f E Lq we define a : Lq ^ [0, 1] by 

cr(/) = sup ||n/||o = lim ||n/||o. 
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By the dominated convergence theorem we can see that a{f) — /u(supp /), where supp / = 
{x : \f{x)\ > 0}. The F-norm on the quotient space Lq/E is defined in the usual way 

IItIUoZ-E = inf ll/llo for aU 7 e Lq/E. 

f€-y 

For a subset A of [0, 1] we wiU let Lo{A) mean the subspace of Lq consisting of all functions 
supported on A. We define 

II/I|lo(a) = 11/ ■ x^llo, 

where xa is the characteristic function of A. 

§1. Preliminary Lemmas. 

We have a lifting theorem for locally bounded subspaces (See Theorem 3.6 of [2].) and 
we will see that locally convex subspaces are in some sense almost locally bounded. The 
lemmas that follow show us that the 'unbounded part' of a locally convex subspace is 
arbitrarily small. Lemma 1.2 is at the heart of this argument. However, we first need a 
lemma from Paley and Zygmund [5]. 

Lemma 1.1. Let a > (3 > 0. If f ^ Lo[0, 1] such that f > a and \\f\\2 = 1 then 

f^{t:f{t)>P)>{a-pf. 

Proof. 

«< /'/= / /+ / / 

Jo J{f>P} J{f<P} 



^0 



< 

'0 

< II/II2 • ll-^{/>/3}l|2 + 13 (Schwarz Inequality) 

^^li{t:f{t)>(3)+(3. 

So ix{t : f{t) >(3)> {a-(3f. □ 

Notice that Rademacher functions do not appear in the statement of the next lemma 
but they play a key role in the proof. Recall that all the Rademacher functions act on 
[0, 1] and have values in the two point set {-1,1}. The first Rademacher function, ri, is 1 
everywhere. The second, r2, is 1 on [0, \) and —1 on [|, 1]; rs is 1 on [0, \) and [\, |) but 
— 1 on [|, i) and [|, 1]; and so on. For convenience we will say that a sequence of functions 
{fi)i^i is 5-tapering if ||2* • /j||o < 6 for all i > 1. 
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Lemma 1.2. Let E be a locally convex subspace of Lq. For every e > there is a 5 > 

such that if {fi)'^i G E is d-tapering then 



,i=l 

Moreover, 6 can be chosen to be any positive number such that the closed convex hull of 
{f eE: ll/llo < S} is contained in {f e Lq : ||/||o < 

Proof. Consider the following function on [0, 1]: 

N 



where ai, 02, • • • , oat £ IR and ri, r2, • • • ,rN are the first N Rademacher functions. Then 
from Khinchine's inequality we have 

AT 



1 



fc=i 



> 



1 



1 



2 2\ ^ 



TV 



at 



1 

2' 



Since the Rademacher functions are orthonormal over [0, 1] we have 



AT 

V\/E,=l«| 



AT 



= E 



= 1. 



We now are ready to use Lemma 1.1 with ck = 1/2 and /3 = 1/4: 



>Ar 2 



AT 



fe=i 



>.i>il-li =- 



2 4 



16 



Therefore, 



/X U : 



Af 



1 



(») 
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for oi, 02, • • • , ajv € ^■ 

Let e > be given. Since E is locally convex there is a 5 > such that the closed convex 
huU of {/ e E : ll/llo < S} is contained in {/ G Lq : ||/||o < Suppose C is 

5-tapering. Then for every A'^ > we have 



e/80= / e/80 dt 



> 



^ 1 

J2 :r,rimM^) 



1=1 



dt 



(local convexity) 



1 /.I 



Jo 1 + 1 Y.^=iri{t)fi{x 



1 /.I 



Eti/.(^)r.(t)| 



(it dx 



-16i„ 1, . 



(Tonelli) 
(by *) 



So 



1 1 

4 



for all A'' > 1. Therefore ii{x : ■^/X^^Li hi^Y > 1) ^ ^ for ciU iV. Indeed, suppose not; 
then 

1 N ~, 

1/4 



i 



dx > e 



1 + 1/4 



This is a contradiction. Thus ^jl(x : Yl!i=i fi{^)^ > 1) < e for all N > 1. Letting N go to 
infinity we get iJ,{x : Yl'iZi fii'^Y Finally, since 



\J{x:\fi{x)\>l}(l\x:Y.U{xf>l 



i=l 



we can conclude that 



(j{x:\Mx)\>l}] <e. 



□ 



,1=1 



Lemmas 1.3 and 1.4 find an arbitrarily small set that contains all the 'unboundedness' 

of 



Lemma 1.3. Let E be a locally convex subspace of Lq. Let e > and find S > so that 

the closed convex hull of {f E E : ||/||o < 5} is contained in {f E Lq : ||/||o < Then 
^/ ((/i^'')i^i)fe^i E is any countable collection of 6 -tapering sequences then 

oo oo oo 



, fe=i 1=1 i=i 

Proof. We will start by considering the first n sequences. Let Ni < N2 < ■ ■ ■ < A^n-i- 
Then 

f Al)\Ni ,,/j.(2)^JV2 II I I / ,,fAn)\oo 



L+1 



is another 5-tapering sequence. So for all Nn-i we have 

. iVi JV2 

e>J[j{x:\fPix)\>l}U U {x:\fPix)\>l}U... 

^i=l i=JVi+l 

N'n-l CO X 

U U {^:|/i'^"'^(^)l>l}U U {x:\ft\x)\>l}) 

i=iV„_2 + l i=iV„_i+l ^ 

^ iVi iVa 

U{^H/i'^(^)l>l}U U {^:|/f^(^)l>l}U--- 

^i=l i=iVi+l 

\J {x: \ft-'\x)\ > 1} U fl ^ > 1> • 

j=Ar„_2+i l=ii=l ^ 

Let A^n-i go to infinity to obtain 

U{^H/i'^(^)l>l}U U (^)I>1}U--- 

00 

U 

i=JV„_2 

Repeat this step n — 2 times to get 

(n CO 00 \ 
h=\ i=\ i=i / 

Let n go to infinity to get the desired conclusion, 

(00 00 00 \ 
k=ii=ii=i J 

In the proof of Lemma 1.4 we use the fact that the space of all Lebesgue measurable 
subsets of [0, 1] is a complete separable metric space. The distance definition is 

d{A, B) =^{A A 5), 

where A t\ B stands for the symmetric difference {A \ B)\J{B \ A). We consider A and 
B to be identical if //(^ A S) = 0. 



00 00 00 X 

u {x : i/f -'^(0^)1 > 1} u n ^ > 1} < ^- 

r„_2+i l=ii=l ^ 
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Lemma 1.4. Let E be a locally convex subspace of Lq. Let e > and find S > such that 

the closed convex hull of {f E E : \\f\\o < 6} is contained in {f E Lq : \\f\\o < Then 
there is a measurable set A, n{A) < e, such that if {fi)'^i G E is any 5-tapering sequence 
then 

(oo oo \ 
[~][j{x:\f,{x)\>l}\A\=Q. 
l=li=l / 

Proof. Let (/f i, t e T, be the collection of all sequences in E such that ||2*-/j^*^||o < S 
for all i. T could be an uncountable index set. For each t eT define 

oo oo 

At = f]\J{x:\ft\x)\>l}. 

1=1 i=l 

{At)teT is a subspace of the separable metric space consisting of all Lebesgue measurable 
subsets of [0, 1]. So {At)teT is separable. Let {At^)j^i be a countable dense subset. Let 

oo 

i=i 

By Lemma 1.3 fi{A) < e. Let 77 > and t E T he given. There is a j such that 
IJ,{At. A At) < T] since (^tj^i is dense in {At)teT- 

li{At \ A)< ii{At \ At.)< ii{At A At.) < rj. 

Since 7/ > is arbitrary, ii{At \ ^) = for all t eT. □ 



We are now ready to prove the main theorem. The proof for locally bounded spaces in 
Kalton, Peck and Roberts [3] was the inspiration for this proof. However, the proofs are 
quite different in places. 
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§2. The Lifting Theorem. 

Theorem 2.1. Let E be a locally convex subspace o/Lo[0, 1]. LetT : Lq[0, 1] Lq[0, 1\/E 
be a continuous linear operator. Then there is a unique continuous linear operator S : 
Lo[0, 1] — > Lo[0, 1] so that T = QS, where Q : Lo[0, 1] — > Lo[0, 1]/E is the quotient map. 



S 



Q 



Lo > Lo/E 

Proof. For each n = 1, 2, 3, • • • find 5^ > so that the closed convex huU of {f E E : 
\\f\\o < Sn} is contained in {/ e Lq : ||/||o < l/80n}, and use Lemma 1.4 to find a 
measurable set so that 

n 

(OO CO \ 
f][j{x:\fi{x)\>l}\An \ =0. 
1=1 i=l / 

Without loss of generality we may assume that Si > 62 > > ■ ■ ■, 5n 0, and referring 
to the construction we can take Ai D A2 D A^ D ■ ■ ■ . Since T is continuous, for each 
we can find e„ > so that ||/||o < Cn =^ II^^/IIlq/^^ — ^n/Q- Without loss of generality we 
may also assume that ei > €2 > €3 > • • • . For each m and k = 1, 2, • • • 2"^ define 

_ k — 1 k 

Define 

Xr = XA;^forA; = l,---,2-; m = l,2,.--. 

Let V e Lo be given. Define 15(0) = 0. So we will assume v ^ 0. For the next few 
pages we will work to define S{v). Define w]^ — v ■ xT for A; = 1, • • • , 2"^; m = 1, 2, • • • . 
For the time being we will consider m and k to be fixed and look at w'^. Let mo be the 
smallest integer so that 1/2"^° < ei, and assume m > mo. Let n(m) be the largest integer 
so that e^(m) > 1/2"^. Since T is continuous we know that n(m) goes to infinity as m goes 
to infinity unless T is identically 0. For each i = 1,2, •• • we can select gi e Lo so that 
Qgi = Twf and 

1 

2i / " \\Lo/E 



If = then = for alH = 1, 2, ■ ■ ■ . Note that ||4* ■ «;^||o < 1/2"^ < e^(^) for all 
z = 1, 2, ■ ■ • . So ||4^ • Tw^llo < 5n(m)/6 for aU i = 1, 2, • • • . Therefore (7{Tw]^) < 5n(m)/6. 
For j > i > 1, 
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Let /, = 2'{g^ - g,+i). Then \\2' ■ /,||o < for alH = 1, 2, • • • . Therefore 



= 0, 



that is, 



(CXD OO \ 
fl|J{x:|2X^^-^m)l>l}\^n(m) 
1^1 i^l J 



1^ U • \9i-9i+l\ > ^1 \^n(m)j = 0. 



Let L(l) = 1, and for each p = 2, 3, • • • find L{p) > L{p — 1) such that 

U [x ■.\gi- gi+i\> ^\\A^^^^A <-. 

\i=Lip) ^ ^ ) J P 

Bp= y : Isfj-^j+il > ^1 P= 1,2, ••• . 



Define 



=L(p) 

Observe that Si D -B2 D -B3 D • • • , and /ilfl^i -^p) = 0- Suppose x ^ D^i 
3^ ^ ^n(m)- We will show that converges in this case. First there is a Px such 

that X ^ Bp^. Therefore \gi{x) — gi+i{x)\ < 1/2* for all i > L{px). Let a > be given. 
Find M such that 2/2^ < a and M > L{px). Suppose j >i>M. Then 



\9i{x) - 9j{x)\ < \9i{x) - gi+i{x) \ + \gi+i{x) - gi+2{x)\ + ■■■ + \gj-i{x) - gj{ 



X] 



11 1 



2 2 

So {gi{x))'^'^ is a Cauchy sequence in M. For all x define 



linij^oo Qiix), x^ fl^i Bp U ^„ 



\00 



0, a; e np=i-SpU^„(^). 

is the pointwise limit of measurable functions, namely 

so g]^ is measurable. Let B]^ = Bp. 

We now remember that k and m were arbitrarily chosen, so for each w'^ we have defined 
gf and for /c = 1, • • • , 2"^; m = mo, mo + 1, • • • . Let 

00 2"^ 



B= U U^r 
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//(S) = since B is the countable union of sets with zero measure. Define 

S{v)^ hm J29k- 



m— >oo ■ 

fe=l 



It is not immediately clear that S{v) exists. We turn to this question next. 
We claim that for almost all x ^ ^n(m) ('^ ^ '^o) we have 



Proof of claim: We know that 

{i9p)^)Zl ^ converges in {A^^^^Y 

{i9Tp-\)i)Zi ^ ^(^^-1) converges in (^n(m+i))' ^ (^n(m))^ 
{i9Tp^^)i)Zi ^ T{w^p+^) converges in {A^^m+i))" ^ (A^(rr,))', and 

because T is additive. (The notation {{g^)i)i^i simply means the sequence {gi)iZi that is 
associated with wl^.) Since ||4^(£,^)i||o < (1 + l/2i) ■ ||4* • T{w1P)\\l^/e < 2 • (t{T{w^)) < 
2(^n(m)/6 we have 

||4^ - (^2^.11). - (^2^ llo ^ + + < Snim). 

Therefore 

( n U ^ |«)^(^) - i9Tpt\Ux) - i9Tp'')iix)\ >^]\ ^n(m) 



.1=1 i=l 



So for almost all x e (^n(m))'^ 



hm (gl^Ux) = hm ((^2^_i),(a;) + (gTM^)) 
Thus for almost all x e (^n(m))'^ 

^r(^)=^2^ptl(^)+^2T'(^)' 

which finishes the proof of the claim. 
So the sequence 
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remains essentially fixed in Lo((A„(^))'^) for r > m > niQ. So the sequence converges in 
^o(Um=i(^n(m))'') = ^o[0, 1], and S{v) is well-defined. 
Next we show that T — QS. Consider m > mo. Then 



. fe=l 



< 



n{m) 



since the two functions are essentially identical except possibly on and fi{A 

l/n{m). For each k we can find E T{w'^) so that 



■n{rn) 



< 



9k 



Jk 



n 



< 



We then have the following inequalities: 



.k=i 



9k 



(^T!.(m) 



{■An(m))'^ 



< T 



1 

2m ■ 



9k ~ Jk 



k=l 



k=l 



S{v) 



2m 

k=i 



~ 2^ ^ n{m)' 



-2^'^ n{m)' 



Notice that 1/2'^ + l/n(m) ^ as m — > oo. The function 



k=l 



m 
k 



is an element of T{v). So we can find functions in T{v) that are arbitrarily close to S{v) 
which means that S{v) e T{v) since E is closed. That is, QS{v) = T{v). 

Next we will show that 5" is a continuous linear operator. If S is additive and continuous 
at zero then 5" must also be homogeneous, and thus linear. So it suffices to show that S is 
additive and continuous at zero. 

S is additive. To see this let u,v e Lq and let a > be given. Find m so that 
IJ,{An{m)) < CK- (Recall that //(^^(^)) < l/n(m).) We will consider v • x^*, u ■ Xk'i and 
(u + v)- Xk' for an arbitrary k between 1 and 2"^. ^From our earlier construction we have 
{fi)°g, C T{u ■ xf) such that /, ^ S{u ■ xT) on (^n(m))'^ and 



W-Mn<(l + l) \W-T(u-Xk 
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and {gi)fl^ C T{v ■ xt) such that Qi S{v ■ xt) on (A^(m))'' and 

1 



and {hi)Zi ^T{{u + v)- xt) such that hi ^S{{u + v)- xt) on {A^^m)Y and 

We have fi + gie T{{u + • xf) for alH = 1, 2, • • • . For z > 1, 

+ ^0 - A' . hi\\^ < ■ + \\A' ■ gi\\^ + \\A' ■ hi\\^ < (3 + |)(5nM/6 < 5n(m). 
Therefore, 



0. 



This imphes that (/j + ^j) and /ij converge to the same function on {An{^m)Y. Thus for 
all = 1, • • • , 2-, S{u ■ xT) + S{v ■ xt) = S{{u + v)- x^) on Therefore 
+ = S{u^-v) on and + - S{u + v)\\q < a. Since a>0 was 

arbitrary we have S{u) + S{v) = S{u + v). 

S is continuous at zero. To see this, suppose is a sequence in Lq such that 

Vj 0. Let a > be given. Find m so that l/n{m) < a. Our set then has 

measure less than a, and is a positive number such that the closed convex hull of the 

<^n(m)-ball in E is contained in the (Q!/80)-ball in Lq. There also is an e„(^) > so that 
ll/llo < ^n{m) WTfho/E < Sn{m)/Q, and we have 1/2"^ < 

^n(m)- Let J > 1 be given. For 

each A; = 1, • • • , 2"^ there is a sequence 



i=l 



such that g'j''^ — > • x^) on (^n(m))'^ as z — > oo and 

4^ • 4^ • ^j? [ < (l + ^) • IK • 4^= • T . Xn|L„/^ • 

For each z = 1, 2, • • • and /c = 1, • • • , 2^ let fi,k = 2' ■ 2^{g^*^} - g^^}^^). Then e E for 
all z and k and 



^ ^ j-^Mxq— ^ ^ yj,i+i) 



k fjk) (k) 



< 



4^+1 . 4^ . 0^=) 
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Using the technique employed in proving Lemma 1.2 we can conclude that 

2"" oo 



1^ 



UU 

, fc=li=l 



X : 



(k) 
9j,i 



(k) 
9j,i+i 




Let the set above be called D (so //(-D) < a). Find / such that 2/2^ < a. Then 

— O i O k ~ 



S{vj-Xk)-9^1 



i'o((A„(^)) = UD=) 



i=I 



Therefore 



< 



E 



1 



2 1 
2^ ' 2^" 



2-f 2^= 2^ 



< a, 



and 



s(«.)-E4? 



k=l 



< 3a. 



This is true for any j > 1. Now 

2^ 



E»£' 



A:=l 



<2j]||4^-4fc-T(^,-Xr 



Lo/E ■ 







fc=l 



Since T is continuous for each k, \\4:^ . 4^= . J" (i;^- . Xfc*) ILo/s S^®^ ^^^^ ^ infinity. 
Therefore the whole sum goes to zero as j goes to infinity. So limsup^-^o^ ll'S'('i'j)||o < 3q;. 
However, a > was arbitrary, so limj^oo S{vj) = 0. That is, S is a continuous linear 
operator. 

Suppose that S' is another continuous linear operator from Lq to Lq such that QS' = T. 
Then Q{S — S') = QS — QS' = T — T — 0, whence S — S' maps Lq into the locally convex 
space E. We conclude that S = S'. □ 

The proof of Theorem 2.1 works with a milder assumption on the subspace E. It does 
not have to be locally convex - the key assumption is only that given a neighborhood 
F of there is a smaller neighborhood U so that if Xn & U then X]^=i 2""^^^ is in V 
for all N (i.e. E is exponentially galbed in the sense of Turpin [8]). We can generalize 
further by replacing the sequence (2~"') with a strictly positive term sequence (a„) such 
that ^ a„ < oo. By a classical result due to Aoki [1] and Rolewicz [7] we know that locally 
bounded spaces are locally p-convex for some p > 0. Also, if U is locally p-convex then 
En=i 2-(^/p)[/ C U for all N. In this way we can see that the generalized result includes 
locally bounded subspaces of Lq. 

We can combine Theorem 2.1 with Kwapien's theorem [4]. 
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Theorem 2.2. Let S : Lq ^ Lq be a linear operator. Then 

oo 

for every / e Lq, where 

(i) each an : [0, 1] —>■ [0, 1] is a non-singular measurable map, 
(a) each Qn is in Lq, 

(Hi) for almost all x in [0, 1], gnix) 7^ for only finitely many n. 
Conversely, every map defined in the above way is a linear operator from Lq to Lq. 

Corollary 2.3. Let E be a locally convex subspace of Lq and Q be the quotient map. 
Then T is an operator from Lq to Lq/E if and only if T = QS for some S of the form in 
Theorem 2.2. 

By following the proof of Theorem 4.1 in [2] we have the following corollary. 

Corollary 2.4. Let E and F be subspaces of Lq, each of which is either locally convex or 
locally bounded. Then Lq/E is isomorphic to Lq/F if and only if there is an isomorphism 
S of Lq to itself such that S{E) = F. 
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